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ABSTRACT
The general proedure for obtaining expliit expressions for all ohomologies of N.Berkovits's operator is
suggested. It is demonstrated that alulation of BV integral for the lassial Chern-Simons-like theory (Witten's
OSFT-like theory) reprodues BV version of two dimensional gauge model at the level of eetive ation. This
model ontains gauge eld, salars, fermions and some other elds. We prove that this model is an example
of "singular" point from the perspetive of the suggested method for ohomology evaluation. For arbitrary
"regular" point the same tehnique results in AKSZ(Alexandrov, Kontsevih, Shwarz, Zaboronsky) version
of Chern-Simons theory (BF theory) in aord with [2, 3℄.
1 Introdution
The searh for fundamental degrees of freedom is a hallenging problem in physis. Dierent attempts in this
diretion demonstrated that Chern-Simons-like theories (Witten's OSFT-like theories) play important role for
questions of this type [1℄. In the present paper we disuss a small subjet in the story whih to the best of
our knowledge did not attrat enough attention in the literature. We suggest the onstrution whih allows to
obtain a lassial ation for a large lass of quantum eld theories as eetive Batalin-Vilkovisky(BV) ation
from the ertain fundamental ation (1). This realizes a beautiful idea that dierent "physially interesting"
theories an arise in a universal way as eetive ations from the ertain fundamental theory. The tehnique is
very muh in the spirit of reently suggested formalism for ovariant quantization of the superpartile [2℄ and
the superstring [7℄ by N.Berkovits. Close ideas were disussed in [3℄-[5℄ and in [6℄.
The basis of onstrution is the spae (algebra) O[θα , λα | fµ(λ)] whih is generated by the set of odd
variables θα, even variables λα modulo the system of onstraints f
µ(λ), quadrati in λα (α = 1...K, µ = 1...N).
This means that if some funtion of λ and θ is multiplied by fµ(λ), suh produt is equivalent to zero in the
spae O[θα , λα | fµ(λ)]. In other words, one should onsider the superommutative ring C[λ, θ] of polynomials
in λα and θα. This ring ontains the ideal If whih is generated by the set of quadrati onstraints f
µ(λ), i.e.
arbitrary element in If an be written as cµ(λ, θ)f
µ(λ) where oeients cµ(λ, θ) ∈ C[λ, θ] belong to the ring
C[λ, θ]. The spae O[θα , λα | fµ(λ)] is given by the oset O[θα , λα | fµ(λ)] = C[λ, θ]upslopeIf .
In the reent disussions [2, 7, 17℄ notation λα was used for pure spinor variables whih satisfy pure spinor
onstraints fµ(λ) = λαγ
µ
αβλβ . One message of the present paper is to relax this ondition and to onsider
arbitrary system of onstraints fµ(λ), quadrati in λα, whih are not neessarily onneted to γ - matries. It
will be demonstrated that this setup leads to non-trivial eetive gauge model at least in two dimensions. Thus,
sine λα are no longer pure spinors, we all them simply even variables and funtions f
µ(λ) whih generalize
pure spinor onstraints - simply onstraints (generating the ideal If ).
The onstrution starts from the fundamental ation written as
SFund =
∫
STr
(
< P, QBA > + g < P, A
2 >
)
(1)
where the eld A belongs to spae O[θα , λα | fµ(λ)] ⊗ Func(x) ⊗ T (g). Func(x) is a spae of funtions of
spae-time oordinates and T (g) is a representation of semi-simple gauge algebra g. The eld P belongs to the
1
dual spae O[θα , λα | fµ(λ)]∗ ⊗ Func(x)⊗ T (g). Thus, eah eld belongs to spae whih is the tensor produt
of three spaes. To onstrut a salar ation from these elds introdue three pairings: integration - the pairing
in the spae Func(x), STr - the supertrae - the pairing in T (g) and < , > - the anonial paring1 between the
elements of the spae O[θα , λα | fµ(λ)] and the elements of O[θα , λα | fµ(λ)]∗. The denition of the supertrae
is given in the footnote 5. Parameter g in the ation (1) is a oupling onstant.
The entral objet of our onsideration is the operator [2, 7, 8℄:
QB = Q + Φ = λα
∂
∂θα
+ θα
∂fµ
∂λα
∂µ (2)
Here ∂µ =
∂
∂xµ
is a derivative with respet to the spae-time oordinates. Operator QB is nilpotent (Q
2
B = 0)
in the spae O[θα , λα | fµ(λ)] due to onstraints fµ(λ).
In [2, 7℄ it was suggested to extrat dynamial elds of the theory from the ohomologies of Q = λα
∂
∂θα
operator ( the rst term in (2) ). These ohomologies H(Q, O) or simply H(Q) should be alulated in the
spae O[θα , λα | fµ(λ)] whih is given by the oset over the ideal If . Beause of this fatorization alulation of
ohomologies is rather involved mathematial problem. It was attaked in [9℄. In this paper eetive method of
loalization was used to ompute them. Suh tehnique is very powerful in symmetri ase (when the matries
γµαβ in the denition of quadris f
µ(λ) = λαγ
µ
αβλβ are governed by some large group of symmetry).
In the present paper we suggest the general formulas whih allow to nd expliit expressions for all repre-
sentatives of H(Q) for arbitrary system of quadris fµ(λ) (both in symmetri and non-symmetri ases). This
alulation works in a universal way independently of the partiular struture of funtions fµ(λ), their number
N (µ = 1...N) and the number K of λα and θα (α = 1...K). The desription of this alulation is presented
in the hapter 4 and in the appendix.
Figure 1: The spae of eetive theories. Blak dots denote dierent gauge theories whih are a kind of "singularities" in the
bulk of AKSZ-Chern-Simons theories, whih are denoted by gray bakground. This piture is in fat oversimplied and a little bit
heating. The more aurate one is given in the onlusion (see gure 14).
Another message of the present paper is to realize the onstrution of [2, 7℄ as alulation of eetive ation
for the ertain fundamental ation (1). Close attempts were made in [3, 4℄. The onstrution is given by the
following steps. Firstly, using the powerful method of hapter 4 one should nd expliit expressions for all
representatives of H(Q). Then one should apply the bakground eld tehnique to nd eetive ation for
(1) taking as external (bakground) eld the representatives of H(Q). Eetive ation found in suh a way
reprodues BV version of some "physially interesting" theory.
1
It should be emphasized that in the main text of the paper we denote the elements of the dual basis in the spae
O[θα , λα | fµ(λ)]∗ by the same symbols as the elements of the basis in the spae O[θα , λα | fµ(λ)] but with the underline
sign. For example, if λ1θ1 is the basis element in the spae O[θα , λα | fµ(λ)], then the dual basis element in O[θα , λα | fµ(λ)]∗
would be denoted by λ1θ1. The anonial pairing between these two elements is < λ1θ1 , λ1θ1 > = 1. The basis elements in the
ring O[θα , λα | fµ(λ)] are given by all possible monoms in λα and θα.
2
Aording to this onstrution the whole information about degrees of freedom and the struture of eetive
theory is enoded in the representatives of H(Q), hene - in the system of quadris fµ(λ). From the perspetive
of the method of hapter 4 for ohomology evaluation there are two lasses of quadris fµ(λ). They are:
"regular" system
2
and "singular" system. For arbitrary "regular" system of quadris eetive ation is BV
version of AKSZ-Chern-Simons theory. In setion 5 we note that nearly all possible systems of quadris fµ(λ)
are "regular". Still, there exists a small (but innite) number of "singular" systems of quadris. For suh
quadris eetive ation is BV version of a non-trivial theory. One example of suh "singular" point is the
two-dimensional gauge model of setion 6. Another one is 10D SYM theory of [2, 3℄ and probably even the
supergravity theory of [14℄, see also [15℄. This allows to think about "non-trivial" theories, like 10D SYM and
super-gauge model of setion 6, as a kind of "singularities" in the spae of "trivial" theories of Chern-Simons
type. This idea is illustrated in the gure 1. In this piture the bulk of trivial theories like Chern-Simons is
denoted by gray bakground, while physially interesting gauge theories are denoted by blak dots.
The universal feature of all these theories is that they are all supersymmetri. However in "regular" ase
this supersymmetry transformation ats by zero (see [18℄ for details).
Summarizing the introdution, we emphasize that the main new results of the present paper are:
1. Expliit expressions (30) for all representatives of H(Q, O) for arbitrary system of quadrati onstraints
fµ(λ).
2. The two-dimensional gauge model of setion 6 an be obtained as eetive ation from the theory (1).
The lassial ation for this theory is given in (5). In the spetrum of this theory there are: gauge eld
(whih is not dynamial), left and right fermions, adjoint salars φ1 and φ2 and some other elds. The
system of quadris for this model is given by (4).
The quadris (4) is the minimal system (minimal number of θα, K = 4 and minimal number of quadris,
N = 5) whih reprodues kineti term quadrati in derivatives in the eetive ation. It happens that this
partiular model is two-dimensional (d=2). It seems probable, that inreasing the number of θα (K = 5, 6, ...)
and the number of quadris (N = 6, 7, ...) one an obtain higher dimensional (d = 3,4,5,...) "physially
interesting" theories in the "singular" points additionally to the known ones (10-D SYM and 11-D SUGRA).
To our mind it is of interest to searh for suh "singular" points in the spae of quadris fµ(λ). It is also of
interest to study the string version of the model suggested in setion 6.
1.1 Organization of the paper
Below we give the outline of eah hapter of the paper. For those people who is interested in alulation of
ohomologies H(Q,O) we reommend to read diretly hapter 4. While our main result in this paper - the 2-D
gauge model - is presented in hapter 6.
2. AKSZ Theory as BV Theory ..................................................................................................................4
This hapter does not ontain new results. It is a kind of introdution in some elementary fats about BV
formalism. We give the denition of AKSZ-theory and explain why we are interested in this lass of theories.
Important statement is that the alulation of BV integral for the lassial BV ation reprodues eetive ation,
whih again satises BV Master Equation. It is explained that quantum alulations with the Faddeev-Popov
ation are equivalent to integration of BV ation over the lagrangian sub-manifold. This tehnique is used in
hapter 3.
3. Quantum Calulations ..............................................................................................................................8
It is explained how one should ondut Feynman diagram alulations for the theory (1). This is non-trivial
sine the ation (1) has a large gauge freedom, hene requires the hoie of ertain lagrangian sub-manifold. In
our alulations this is equivalent to partiular hoie of gauge in the theory (1).
4. Calulation of Cohomologies ................................................................................................................10
This is the entral hapter of the paper. It ontains the new result - expliit expressions (30) for all
ohomologies of Q-operator in the spae O[θα , λα | fµ(λ)] (these ohomologies are usually alled the zero-
momentum ohomologies). Subsetion 4.1 ontains the desription of the proedure, subsetion 4.2 the brute
2
In mathematial literature suh systems are alled Koszul regular.
3
fore proof of this result. Another, more elegant proof is presented in the appendix. In the end of hapter 4 the
denition of "regular" and "singular" system of quadris is given.
5. AKSZ-Chern-Simons as Eetive BV Theory ....................................................................................15
In this hapter we present the alulation of eetive BV ation for the simplest possible example - 3-
dimensional AKSZ version of Chern-Simons theory. The system of quadris for this theory is given by:
f1 = λ
2
1
f2 = λ
2
2 (3)
f3 = λ
2
3
Though the answer for the ohomologies is almost obvious in this ase, in setion 5.1 we apply the general
proedure of hapter 4 to nd them. The aim of this alulation is to illustrate how the proedure works in this
simplest ase.
Then, in the subsetion 5.2 we present the alulation of the 4-point amplitude in the theory (1), emphasizing
all subtleties that are important for Feynman diagram alulations in suh theories. At this step this alulation
is just an illustration, larifying the onventions we use. As we explain suh amplitude is forbidden for the
"regular" set (3). However, exatly this amplitude will be important in alulation of eetive ation for our
main example - the 2-dimensional gauge model of setion 6.
Subsetion 5.3 ontains the alulation of eetive ation for the system (3). The result is given in (40). It
is demonstrated that (40) reprodues BV version of AKSZ-Chern-Simons theory from setion 2.
In the subsetion 5.4 it is proved that the same result (40) for the eetive ation is true for arbitrary
"regular" system of quadris, not neessarily restrited to the simple form (3). It is noted that nearly all
possible systems of quadris fµ(λ) are "regular".
6. The Gauge Model ....................................................................................................................................20
This hapter ontains our main result in the present paper. We suggest the example of "singular" system
of quadris:
f1 = λ1λ2
f2 = λ2λ3
f3 = λ3λ4 (4)
f4 = λ
2
1
f5 = λ
2
4
whih under redution over 3 dimensions reprodues BV ation of 2-dimensional gauge model. The lassial
ation, orresponding to this BV ation is given by
I[A] =
∫
Tr
(
ΦF+− + D+φ1D−φ1 + D−φ2D+φ2 − g√
2
φ1{ψ+, ψ−} + i g√
2
φ2{ψ+, ψ−} + β+D−γ+ +
+ β−D+γ− + ψ−D+ψ− + ψ+D−ψ+ + χ−D+χ− + χ+D−χ+ + 2gχ−[γ−, ψ+] + 2gχ+[γ+, ψ−]
)
(5)
This model is another example of "physially interesting" theory whih like 10-dimensional SYM arises from
Berkovits onstrution for the "singular" systems of quadris fµ(λ). However, in omparison with 10-d SYM
theory, this model is muh simpler, hene is more alulable.
8. Appendix. Algebrai Meaning of the Berkovits Complex..............................................................27
Another proof of the theorem from the setion 4 is given. It is demonstrated that Berkovits omplex naturally
arises for the pure algebrai reasons.
2 AKSZ theory as BV theory
In this setion we explain how AKSZ theory (denition is in the end of the setion) arises from the general BV
formalism for gauge theories [10, 11℄. Consider a set of dynamial elds χn (arbitrary elds in our theory). For
4
eah eld χn, introdue an anti-eld χ∗n with the opposite statistis to χ
n
. Dene the odd Laplae operator
(BV laplaian) as ∆BV =
∫
δL
δχn(x)
δR
δχ∗n(x)
. Here sub-sripts L and R stand for left and right derivatives. The
entral objet of our onsideration is BV ation, whih is dened as a solution of the Master Equation:
△BV e− 1~S
BV (χ,χ∗) = 0 (6)
This equation in the limit ~→ 0 an be rewritten as∫
δLS
BV
δχn(x)
δRS
BV
δχ∗n(x)
= 0 (7)
whih is alled the lassial Master Equation.
Quantum eld theory in BV spae is dened as an integral over χn and χ∗n, restrited to lagrangian sub-
manifold
3 L. The hoie of L generalizes [10, 11℄ the standard gauge xing proedure. As in ommon quantum
eld theory, dene eetive ation integrating out part of elds. We deompose the spae of elds χn in the
ation into diret sum of two subspaes. The rst one orresponds to ohomologies of Q-operator (the rst term
in (2) ), while the seond subspae is the orthogonal omplement to the rst one. Hene, arbitrary eld χn an
be written as χn = Bn + bn where Bn is a representative of ohomologies and bn stand for the rest of the
elds (along these elds we do the integration). The same deomposition for an antield gives χ∗n = B
∗
n + b
∗
n.
Thus eetive ation is dened as
e−S
eff (Bn, B∗n) =
∫
L
Db Db∗ e−
1
~
S(Bn+bn,B∗n+b
∗
n)
(8)
The integration over quantum elds b and b∗ is restrited to lagrangian sub-manifold L, index n enumerates
dierent elds. The ruial observation is that if we start from BV ation (6), the BV integral (8) produes
again an eetive BV ation Seff (B,B∗). The following manipulations illustrate this fat.
Ation S(Bn + bn, B∗n + b
∗
n) satises BV equation
0 = △B+be− 1~S(B
n+bn, B∗n+b
∗
n) = △Be− 1~S(B
n+bn, B∗n+b
∗
n) + △be− 1~S(B
n+bn, B∗n+b
∗
n)
(9)
Sine B and b belong to the dierent spaes, the total Laplae operator on the spae of elds is given by
△B+b = δδBn δδB∗n +
δ
δbn
δ
δb∗n
= △B + △b. Integrating both sides of equation (9) over L one an get
0 = △B
∫
L
DbDb∗e−
1
~
S(Bn+bn, B∗n+b
∗
n) +
∫
L
DbDb∗△be− 1~S(B
n+bn, B∗n+b
∗
n)
(10)
Be there no restrition of integration to L in the seond term, the integrand would be a total derivative, hene
the integral would be vanishing. However the domain of integration is restrited to L, hene this argument does
not work. Still, as we will show in a moment, the seond term in (10) is equal to zero due to the fat that this
domain is a lagrangian sub-manifold. Hene, eetive ation (8), whih is the rst term in (10), again satises
Master Equation. To see that the seond term vanishes we rewrite it as an integral over the whole spae of b
and b∗, but with the δ-funtion inserted, whih restrits the domain of integration to L:∫
DbDb∗δ(b∗i −
∂F
∂bi
)△be− 1~S(B
n+bn, B∗n+b
∗
n)
Here F - is the generating funtional of lagrangian sub-manifold (see footnote 3). Integrating out the eld b∗i ,
one an get∫
Db△be− 1~S(B
n+bn, B∗n+b
∗
n)
∣∣∣∣∣
b∗i=
∂F
∂bi
=
∫
Db
[
d
dbi
(
∂
∂b∗i
e−
1
~
S(Bn+bn, B∗n+b
∗
n)
)
− ∂
2F
∂bi∂bk
∂
∂b∗k
∂
∂b∗i
e−
1
~
S(Bn+bn, B∗n+b
∗
n)
]
3
Lagrangian sub-manifold is usually dened as a sub-manifold satisfying δχ∗n ∧ δχ
n
˛˛
L
= 0, where δ is de Rham operator on
the spae of elds. Eah lagrangian sub-manifold an be loally desribed by its generating funtional F as χ∗n =
∂F
∂χn
, where χn
is independent variable. It is straightforward to hek that this is indeed a lagrangian sub-manifold
δχ∗n ∧ δχ
n
˛˛
L
= δ
“ ∂F
∂χn
”
∧ δχn =
∂2F
∂χm∂χn
δχm ∧ δχn = 0
sine symmetry of the seond derivative w.r.t. m and n is opposite to that of the δχm ∧ δχn.
5
Here we extrated the total derivative, whih upon integration over Db vanishes. The last expression should be
evaluated at b∗i =
∂F
∂bi
. Sine the generating funtional F depends only on the elds bi and does not depend on an-
tields b∗i one an twie integrate by parts the seond term in the r.h.s. The result is−
∫
Db F ∂
4
∂bi∂bk∂b∗i ∂b
∗
k
e−
1
~
S
.
This term is equal to zero beause either b or b∗ are odd elds.
This remark onludes the proof that eetive ation for the BV ation satisfying (6), satises (6) again.
The same statement an be proved for the lassial BV equation (7) in ase initial ation does not depend on
~. This an be done by repeating the above arguments in the limit ~→ 0.
In the present paper we do not disuss the general solution of BV Master Equation. For our purposes it
is enough to know BV ation for two partiular examples. They are: BV ation for gauge theories, linear in
anti-elds [10℄ and AKSZ (Alexandrov, Kontsevih, Shwarz, Zaboronsky)-type BV ations [12℄.
BV for gauge theories
Consider a gauge invariant ation I[A]. The standard way to make perturbative alulations with this ation
is to x the gauge and introdue Faddeev-Popov ghosts. For the following alulations we use Rξ gauge. Thus
the ation is
SBRST = I[A] +
∫
Ba∂µA
a
µ −
ξ
2
BaBa + ca(−∂µDacµ cc) (11)
where Dacµ = ∂µδ
ac + gfabcAbµ is the ovariant derivative
4
. We refer to this ation as BRST ation, beause
it is invariant under the symmetry [13℄
χn → χn + ǫsχn
where χn is an arbitrary eld in the theory, s is the operator s =
∫
Dacµ c
c δ
δAaµ
− 12gfabccbcc δδca + Ba δδca and
ǫ is innitesimal odd parameter. BV ation for this model is
SBV = I[A] + s
∫
χnχ∗n = I[A] +
∫
Dacµ c
c(Aaµ)
∗ − 1
2
gfabcc
bcc(ca)∗ + Ba(ca)∗ (12)
It is straightforward to hek that this ation satises lassial BV equation (7) under the ondition that I[A]
is gauge invariant ation and struture onstants fabc for the gauge algebra satisfy Jaobi identity.
To obtain ation (11) from (12) one should make the substitution
χ∗n =
∂F
∂χn
where F =
∫
ca
(
∂µA
a
µ − ξ2Ba
)
(13)
for eah antield in (12). This substitution is equivalent to the hoie of lagrangian sub-manifold L and F-is
the generating funtional of L (see footnote 3). Thus, standard diagram tehnique in gauge theories, whih
appears from the integral of the ation (11), an be viewed as BV integral (8) over the lagrangian sub-manifold
(13) for the ation (12). This simple alulation illustrates that for partiular example of gauge invariant ation
BV integration over lagrangian sub-manifold is equivalent to the ommon gauge xing proedure.
In the literature on BV quantization the ation (12) is usually alled BV ation with Lagrange multiplier,
whih is the last term Ba(ca)∗. Obviously, BV ation without Lagrange multiplier is dened as
SBV
without L.m.
= I[A] +
∫
Dacµ c
c(Aaµ)
∗ − 1
2
gfabcc
bcc(ca)∗ (14)
Suh ation again satises lassial BV equation. It turns out that BV integral with the ation (14) restrited to
the ertain lagrangian sub-manifold is equivalent to the BV integral with the ation (12) restrited to lagrangian
sub-manifold (13) in the limit ξ → 0.
For our alulation the theory of Chern-Simons plays important role. It should be mentioned that in ase of
Chern-Simons the same result for BV ation (14) without Lagrange multiplier an be obtained by the following
proedure. Suppose that the eld Ψ an be expanded as Ψ = Ψ(0) + Ψ(1) + Ψ(2) + Ψ(3). Here supersripts
(0)..(3) stand for the degree of the form. BV ation for 3D Chern-Simons an be obtained by suh expansion
from
SBV−CS =
∫
X3
STr
(
ΨdΨ +
2
3
gΨ3
)
(15)
4a, b, c - are olor indies and fabc - struture onstants for algebra g.
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under the identiation
Ψ(0) = c Ψ(2) = 14 ε
µνλ A∗µ dx
ν ∧ dxλ
Ψ(1) = Aµ dx
µ Ψ(3) = 124 ε
µνλ c∗ dxµ ∧ dxν ∧ dxλ
Here c and A are ghost eld and gauge onnetion and A∗ and c∗ are BV anti-gauge eld and BV anti-ghost.
It is straightforward to hek that ation (15) satises lassial BV equation (7) and reprodues ation (14) in
ase the gauge invariant ation I[A] =
∫
Tr
(
AdA + 23gA
3
)
is 3D Chern-Simons ation5. This tehnique
(expansion of Ψ in (15)) for solving the lassial Master Equation an be generalized from the integration over
3-dimensional manifold to arbitrary odd dimension.
BV for AKSZ
Another large lass of BV ations an be found by proedure similar to the one mentioned above. Suppose we
have some nilpotent operator d ( though we denote this operator d as de Rham operator, all results do not
depend on its partiular form ) and funtion f(ϕ˜, ϕ), satisfying
∂f
∂ϕ˜i
∂f
∂ϕi
= 0 (16)
It an be proved [12℄ that under these onditions the ation
SAKSZ =
∫
Xd
STr
(
Ψ∗dΨ + f(Ψ∗,Ψ)
)
(17)
is a BV ation, when Ψ = Ψ(0) + Ψ(1) + ... + Ψ(d) and Ψ∗ = Ψ∗(0) + Ψ∗(1) + ... + Ψ∗(d). In a
moment we will illustrate this result but rst we should divide the whole spae of elds Ψ and Ψ∗ into the pairs:
eld-antield. Suh pairs are organized as follows:
(
Ψ(0) , Ψ∗(d)
)
,
(
Ψ(1) , Ψ∗(d−1)
)
,
(
Ψ(2) , Ψ∗(d−2)
)
and so on.
The rst element in eah pair is a eld, the seond one is an antield. The easiest way to hek that (17) is a
BV ation is to write it in the matrix form:
SAKSZ = Ψ∗Ad
A
BΨ
B + f(Ψ∗, Ψ)
Then lassial BV equation (7) gives
δLS
δΨB
δRS
δΨ∗B
= (−1)C1Ψ∗A dAB dBC ΨC + (−1)C2Ψ∗A dAB
δRf
δΨ∗B
+ (−1)C3 δLf
δΨB
dBCΨ
C +
δLf
δΨB
δRf
δΨ∗B
(18)
Here C1, C2, C3 are onstants whih depend on the parities of the elds (one should onsider d
A
B as an odd
operator). These oeients an be diretly determined however they are not important for our alulations.
In this expression the rst term vanishes due to nilpoteny of dAB, the last term - due to (16). While the sum
of the seond and the third terms is equal to zero due to Leibnitz rule (see expliit hek (20) below).
For partiular example of funtions f(ϕ˜, ϕ) = gfabc ϕ˜aϕ
bϕc, the ation (17) reprodues the ation for
AKSZ-Chern-Simons theory
SAKSZ−CS =
∫
Xd
STr
(
Ψ∗dΨ + gΨ∗Ψ2
)
(19)
Condition (16) is satised for suh funtion f(ϕ˜, ϕ) beause of Jaobi identity for the struture onstants. The
sum of the seond and third terms of (18) in this partiular example gives
(−1)C4 Ψ∗A dAB fBLM ΨLΨM + (−1)C5 fKBMΨ∗K dBCΨCΨM + (−1)C6 fKLB Ψ∗KΨLdBCΨC (20)
The onstants C4, C5, C6 are organized in suh a way that this expression is equivalent to Leibnitz identity
(d(f · g) − df · g − f · dg = 0 ) for the funtion fKLMΨLΨM . Hene, if operator dAB satises Leibnitz identity
expression (20) is equal to zero.
5
It should be mentioned that symbol STr in (15) stands for the supertrae, whih under yli permutation an hange the sign
if odd eld passes through it: STr(ABC) = (−1)CSTr(CAB) = (−1)C+BSTr(BCA).
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Why are we interested in suh a strange objet as AKSZ ation?
1. The rst reason is that our fundamental theory (1) is exatly AKSZ theory. This is true sine QB is
nilpotent operator (similarly to operator d in (17)) in the spae O[θα , λα | fµ(λ)] ⊗ Func(x). This
operator also satises Leibnitz identity beause it is linear dierential operator of rst order in derivatives
(
∂
∂θα
and ∂µ). The eld A in (1) should be identied with Ψ and the eld P with AKSZ antield Ψ
∗
.
2. The seond reason is that for "regular" system of quadris eetive ation for the theory (1) is preisely
AKSZ version of Chern-Simons theory. This fat will be proved in hapter 5.
It should be mentioned that in odd spae-time dimensions there is Z2 symmetry between the elds Ψ and Ψ
∗
in the ation whih preserves the BV struture. To see this take as an example d = 1. The expansion of elds
Ψ and Ψ∗ in this ase gives Ψ = Ψ(0) + Ψ(1) = c + Adx and Ψ∗ = Ψ∗(0) + Ψ∗(1) = A∗ + c∗dx, where
c, A, A∗, c∗ are BV elds while dx is the generator of exterior algebra in d = 1. Sine the eld Ψ has ertain
total parity (the parity of a BV eld plus the parity of dx whih is 1), the elds c and A have opposite internal
BV parities. On the other hand, the eld c has opposite parity to c∗, whih is its antield. From these two
fats we onlude that the elds Ψ and Ψ∗ have equal total parities. This is true in odd spae-time dimensions.
Hene, there is the symmetry
Ψ −→ Ψ∗
Ψ∗ −→ Ψ
of AKSZ ation (19) and BV struture. This is Z2 symmetry of the onstrution. In ase of even spae-time
dimensions there is no suh symmetry beause the elds Ψ and Ψ∗ have opposite parities. Fatorizing over this
Z2 symmetry in odd dimension one an obtain
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the gauge theory of Chern-Simons (15) from the AKSZ version
of Chern-Simons (19). This redution Ψ∗ = Ψ kills one half of degrees of freedom in AKSZ-Chern-Simons
theory.
The main ideas of this setion are presented in the gure 2. The largest irle is the whole spae of BV
Figure 2: A primitive illustration on the struture of BV spae. Chern-Simons theory an be obtained both from the BV formalism
for gauge theories and from the redution of AKSZ version of Chern-Simons.
theories whih we do not disuss in the present paper. One sublass of this spae is BV for gauge theories,
another one - AKSZ-type theories. In the intersetion of these two sublasses the BV version of Chern-Simons
is loated.
The main issue of this setion is to introdue some terminology, whih is probably not ommon, but is widely
used for the following disussion. In the next hapters we will demonstrate that a large lass of AKSZ theories
and even gauge theories an be obtained as eetive BV ations from SFund of (1).
3 Quantum alulations.
In this hapter we explain how one should ondut Feynman diagram alulations in BV integral (8) starting
from the ation SFund of (1). Sine operator QB is nilpotent, it is lear that the ation (1) has a large gauge
6
More preisely this is true under the hange g → 2
3
g.
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freedom. This freedom is to be xed by the hoie of ertain lagrangian sub-manifold in the integral (8) providing
a well dened diagrammati expansion for Seff . Sine initial ation (1) ontains Grassmann variables in the
denition of elds, the diagram expansion of integral (8) terminates at some point, leaving only nite number of
diagrams. These diagrams an be summed up expliitly into a very simple eetive ation, whih under ertain
onditions represents some interesting theories.
The elds in the ation (1) belong to the spaes O[θα , λα | fµ(λ)]⊗Func(x)⊗T (g) and O[θα , λα | fµ(λ)]∗⊗
Func(x)⊗T (g). For the disussion in this setion we omit fators Func(x) and T (g), sine they are inessential.
The only relevant information is how the elds depend on λ and θ.
Expand the elds A and P in the ation (1) in the lassial and quantum parts A = A + a and
P = P + p, where lassial elds A and P are hosen to take value in the spae of ohomologies H(Q) of
the operator Q = λα
∂
∂θα
whih is the rst term in (2), and quantum elds a and p are from the orthogonal
omplement to H(Q). Along these elds we do the integration. Then, the ation (1) an be rewritten as
SFund(P+ p,A+ a) =
∫
STr
(
< p,Qa > + < P,Φa > + < P,ΦA > + < p,ΦA > +
+ < p,Φa > + g < (P+ p), (A+ a)2 >
)
(21)
Sine external elds A and P belong to the representatives of H(Q), the terms < P, QA >, < P, Qa >,
< p, QA > are equal to zero. It is straightforward to extrat verties from this ation. They are:
Figure 3: All the verties in the theory (21).
Φ
Φ
Φ
Φ
In these diagrams solid lines represent external elds. Wavy lines stand for the propagating quantum eld.
Eah line is provided with the arrow sign whih noties whether this line belongs to a eld (A) or an antield
(P) of BV formalism. For eah eld the arrow points into the diagram, for eah antield the arrow points out
of the diagram. Eah 3-valent vertex ontributes a fator of g - the oupling onstant.
The rst term in (21) is responsible for the propagator of the quantum eld. Sine operator Q is nilpotent
it has a large number of zero modes. To eliminate them onsider the following onstrution
7
. Dene the spae
V as a omplement of H(Q) in O[θα , λα | fµ(λ)]
O[θα , λα | fµ(λ)] = H(Q) ⊕ V
There is a subspae C in V of all losed forms whih are exat (C ⊂ V ). Choose a basis elements cα ∈ C, then
cα = Q(bα) (22)
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As we explained we hapter 2 the orret proedure for evaluation of the propagator is the hoie of lagrangian sub-manifold.
Below we show that suh hoie kills all the zero modes in the kineti term.
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In this expression, the elements bα are dened modulo Q-exat expressions, remaining the ambiguity in the
hoie of bα. Dene the operator K as
Kcα = bα
Kbα = 0
(23)
This operator maps eah element cα to ertain element bα breaking the ambiguity of (22). From (22) and (23)
it is obvious that {K, Q} = 1 on the spae spanned by cα and bα. It is straightforward to hek that this
spae oinides with V . Indeed, for arbitrary element v ∈ V , the element Qv is Q-losed. Hene, Qv = xαcα
with some oeients xα. Thus, the element v an be represented as
v = xαbα + yαcα (24)
where yα are some oeients.
Conduting evaluation of the integral (8) with the ation (21) we have already removed part of zero modes
from the kineti term, absorbing them into external elds P and A. The point is that some of zero modes
still survived, beause the integral is over the spae V whih has a sub-spae C ⊂ V of losed forms. Thus to
determine the propagator of quantum eld we should remove this ambiguity also. From (24) it is lear that
demanding Kv = 0 kills all the terms proportional to cα, removing the remnant of zero modes. Thus, the
integration in (8) should be restrited by the ondition
8
Ka = 0
pK = 0
(25)
The only question is whether this ondition is a hoie of lagrangian sub-manifold or not. The answer to this
question is positive. Sine {K, Q} = 1 in the spae V , both Q and K have no ohomologies in this spae.
Hene Ka = 0 implies a = Kw for some element w and∫
Tr < δp , δa > =
∫
Tr < δp , Kδw > =
∫
Tr < δ(pK) , δw > = 0 (26)
whih is the denition of lagrangian sub-manifold (see footnote 3).
Now the integral (8) an be rewritten as
e−S
eff (P,A) =
∫
Ka = 0
pK = 0
DpDa e−S
Fund(P+p, A+a)
(27)
This is BV integral, providing SFund is BV ation and (25) determines a lagrangian sub-manifold. Hene
Seff (P,A) is again BV ation for some theory. Expliit expression for Seff (P,A) is enoded in the hoie
of bakground elds P,A, hene in ohomologies of operator Q. These ohomologies for an arbitrary set of
onstraints fµ(λ) will be alulated in the next setion.
4 Calulation of Cohomologies
In this hapter we present the general proedure, whih allows to nd all ohomologies of Q-operator in the
spae O[θα , λα | fµ(λ)]. This result, to the best of our knowledge is new. Subsetion 4.1 ontains the general
idea, subsetion 4.2 - the brute fore proof of the theorem (30).
4.1 Proedure
The spae of omplex O[θα , λα | fµ(λ)] is dened by the set of quadrati onstraints fµ(λ). The funtion
G(1) µ(λ) is alled a relation if
N∑
µ=1
G(1) µ(λ) fµ(λ) = 0 (28)
8
Sine p is the element of the dual spae (see footnote 1) operators Q and K at on it from the right.
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The meaning of supersript (1) will be dened below. From the denition it is lear that multiplying relation
G(1) µ by an arbitrary element of the ring C[λ] of polynomials in λα, we obtain again a relation. Hene, the spae
of funtions G(1) µ, satisfying equation (28) forms a module over the ring C[λ]. The minimal set of funtions
G
(1) µ
A (λ) (index A enumerates dierent funtions) whih generates the whole module via multipliation by the
elements of C[λ] is alled the fundamental system of relations. An arbitrary relation G(1) µ(λ) an be
obtained from the fundamental system of relations G
(1) µ
A (λ) as the sum G
(1) µ(λ) = KA(λ)G
(1) µ
A (λ), where
KA(λ) is some funtion. In ase KA(λ) = const, relation G(1) µ(λ) is fundamental. If KA(λ) 6= const
relation G(1) µ(λ) is not fundamental.
Relation G(1) µ(λ) is alled trivial if it belongs to the ideal If ( if its oeients are proportional to f
µ(λ) ).
The following example illustrates the denitions given above.
Example Consider the set of quadris f1 = λ
2
1 f2 = λ1λ2. Relation G
µ(λ) (G 1f1 +G
2f2 = 0) is trivial for
G 1 = λ1λ2 G
2 = −λ21
beause its oeients are proportional to quadris.
Relation Lµ(λ):
L 1 = λ2 L
2 = −λ1
is non-trivial.
In this partiular example relation Lµ(λ) is fundamental, while Gµ(λ) is not fundamental (it is obtained from
multipliation of Lµ(λ) by λ1). In general situation this is not true. Whether relation is trivial or not has
nothing to do with the fat whether it is fundamental or not. The fundamental system of relations for this set
of quadris fµ(λ) onsists of one relation G
(1) µ
1 whih oinides with L
µ(λ) ( G
(1) µ
1 = L
µ(λ) ).
Suppose the fundamental system of relations is found. It is given by the set of basis elements enumerated
by the index A. Dene the seond-level relations as "relations for relations":∑
A
G(2) A(λ) G
(1) µ
A (λ) = 0 (29)
Now the meaning of the supersripts (1) and (2) is obvious. Equation (29) should be valid for arbitrary value
of index µ. Suh seondary relations again form a module. It is possible to nd a basis in this module - the
fundamental system of relations at the seond level. These relations are G
(2) A
B (λ), where index B enumerates
the fundamental relations at the seond level. Conduting the same manipulations, we dene G
(n) D
C (λ) at the
n-th level. The following theorem an be proved:
Theorem Suppose the fundamental set G
(n) B
A (λ) is found. All ohomologies H(Q , O) of the Q-operator in
the spae O[θα , λα | fµ(λ)] are given by:
1
D˜fµ(λ)
D˜
(
D˜G
(1) µ
A1
(λ) fµ(λ)
)
(30)
D˜
(
D˜
(
D˜G
(2) A1
A2
(λ) G
(1) µ
A1
(λ)
)
fµ(λ)
)
...........................................................
We assume summation over repeated indies. To dene operator D˜ onsider rst nilpotent operator D:
D = θa
∂
∂λa
It is straightforward to hek that antiommutator
{Q , D} = θa ∂
∂θa
+ λa
∂
∂λa
= deg(θ) + deg(λ) = deg (31)
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is the degree operator. Dene operator D˜ as D˜ = 1
deg
D. Suh operator an be applied to all funtions exept
onstants. In the tower (30) it is applied to funtions fµ(λ), whih are quadrati in λα and to the basis funtions
of fundamental system of relations. Suh funtions should be at least linear in λα. (We are not interested in
onstant relations beause they are simple linear redenitions of basis elements. Suh redenitions do not aet
the ohomologies.) Using this denition equation (31) an be rewritten as
{Q , D˜} = 1 (32)
The ohomologies (30) are written in suh a way, that eah new line gives one extra degree of θ. Sine θ are
Grassmann variables and the number of them is limited in the spae O[θα , λα | fµ(λ)], the tower (30) stops at
some point. Hene the number of representatives is nite.
4.2 Proof of the theorem
The proof of the theorem goes in 3 steps: rstly we hek that expressions (30) are losed, seondly that they
are not exat, nally that (30) gives all ohomologies. The rst two steps are presented in this setion, while
the third one is given in the appendix. In this setion we denote by equality sign = the equality between the
polynomials in the ring C[λ, θ], while by ∼ sign we mean the equality modulo fatorization over the ideal If .
4.2.1 Closeness
1 is obviously Q-losed. Applying Q to seond representative D˜fµ, one an get:
QD˜fµ = {Q, D˜}fµ − D˜Qfµ = fµ ∼ 0 (33)
In the seond term of the rst equality the fat that fµ does not depend on θ, hene Qfµ = 0 is used. We
also take into aount equation (32). In the last equality we use the fat that we are working in the spae
O[θα , λα | fµ(λ)], hene all elements from the ideal If (proportional to fµ) are equivalent to 0. Applying Q to
the next term,
Q
[
D˜
(
D˜G
(1) µ
A fµ
)]
= D˜G
(1) µ
A fµ − D˜
(
QD˜G
(1) µ
A fµ
)
= D˜G
(1) µ
A fµ − D˜
(
G
(1) µ
A fµ
)
= D˜G
(1) µ
A fµ ∼ 0
In the rst equality we use equation (32), Leibniz identity for Q and the fat that fµ do not depend on θ, hene
Qfµ = 0. In the seond equality we again explore equation (32) and QG
(1) µ
A = 0. In the next equality we
use that G
(1) µ
A fµ = 0 is a relation. Last equivalene sign is the fatorization proedure.
The loseness of other terms in (30) an be proved in a similar way.
4.2.2 Non-Exatness
1 is obviously not Q exat. Below we present an illustration of proof that all other terms in (30) are not exat.
The proof is universal for all the terms in the tower (30). We take the third term to show how it works. Suppose
it is exat. Sine we are working in a oset spae this means(we omit index A1)
D˜
(
D˜G(1) µ(λ) fµ(λ)
)
= Q(M) + cµ(λ, θ2)fµ
Here cµ(λ, θ2) are some funtions quadrati in θα (this degree is ditated by the degree in θα of the l.h.s.).
Applying operator Q to this relation, one an get
D˜G(1) µfµ − D˜
(
QD˜G(1) µ fµ
)
= Qcµ(λ, θ2)fµ
Using equation (32) one an show that the seond term in the l.h.s. vanishes. Hene, there is a relation on
fµ(λ) [
D˜G(1) µ − Qcµ(λ, θ2)
]
fµ = 0
Eah relation an be expanded in the basis of fundamental relations
D˜G(1) µ − Qcµ(λ, θ2) = KA(λ, θ)G(1) µA
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were KA(λ, θ) is linear in θα. Applying to the both sides operator Q, one an get
G(1) µ = Q
(
KA(λ, θ)
)
G
(1) µ
A
Sine KA(λ, θ) is linear in θα, from this expression it is lear that G(1) µ is at least one degree in λα higher
than the fundamental system of relations G
(1) µ
A , hene is not fundamental. This ompletes the proof that the
third element in (30) is not exat. The proof for all other terms is analogous.
Thus, we have heked that all the expressions whih are written in (30) are indeed ohomologies. The only
question remains whether we have found all of them.
4.2.3 Completeness
The proof that the set (30) is omplete is presented in the appendix.
Conluding this setion, we introdue one more denition.
Denition of "regular" and "singular" quadris. Suppose the set of quadris fµ(λ) is hosen in suh a
way, that all relations, used to generate the tower of ohomologies (30) are trivial (aording to the denition
above the example in setion 4.1). In this ase we all the set fµ(λ) - the "regular" system of quadris. In
ase there is at least one non-trivial relation, the system fµ(λ) is alled "singular".
From the point of the disussed onstrution "regular" quadris are the simplest systems. In the next setion
it will be demonstrated that in ase of "regular" system the algebra of ohomologies H(Q) is isomorphi to
the exterior algebra Λ•{D˜f1, ....., D˜fN} of the generators D˜f1, ....., D˜fN . Hene, the only information whih is
inherited by this algebra from the quadris fµ(λ) is that the system is "regular" and that there areN quadris.
All the information about partiular struture ( λα-dependene ) of quadris is irrelevant for H(Q) and hene
for the eetive ation. Thus, eetive ation for arbitrary "regular" system of quadris is universal, i.e. does
not depend on the partiular, probably very ompliated, expressions for fµ(λ). It happens that this universal
eetive ation is nothing but BV version of AKSZ-Chern-Simons theory (19).
5 AKSZ version of Chern-Simons as eetive BV theory
We start from one of the simplest examples. Consider the spae O[θα , λα | fµ(λ)], generated by three θ, three
λ (α = 1, 2, 3) and the set of quadrati onstraints
f1 =
λ21
2
f2 =
λ22
2
(34)
f3 =
λ23
2
5.1 Calulation of Cohomologies
We begin analysis of this example from alulation of all ohomologies H(Q, O), aording to (30). First of all
one should determine the fundamental set of relations (28) at the rst level G
(1) µ
A (λ). These relations are:
λ23f2 − λ22f3 = 0 G(1)1 = ( 0 λ23 −λ22 )
λ21f3 − λ23f1 = 0 G(1)2 = ( −λ23 0 λ21 )
λ22f1 − λ21f2 = 0 G(1)3 = ( λ22 −λ21 0 )
(35)
There is only one seond-level relation G
(2)A
1 (λ):
λ21G
(1)
1 + λ
2
2G
(1)
2 + λ
2
3G
(1)
3 = 0 (36)
written in the basis (f1, f2 f3). At this point the tower of relations stops. All found relations G
(1)
and G(2)
are trivial, beause their oeients are proportional to fµ(λ), hene the set (34) is "regular", aording to
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the denition in the end of the previous setion. Now we an write down all ohomologies H(Q, O) in this
example. They are obtained (30) by applying operator D˜ to all fundamental relations9. The result is:
H(Q, O) =

1
λ1θ1 λ2θ2 λ3θ3
λ1λ2θ1θ2 λ1λ3θ1θ3 λ2λ3θ2θ3
λ1λ2λ3θ1θ2θ3
 (37)
5.2 An Illustrative Example on Diagram Evaluation
Seond step is evaluation of eetive ation (27) by means of diagram expansion in (21). To begin with we
present a simple example alulating the 4-point amplitude presented in gure 4.
As we explain below, this diagram is forbidden (is equal to zero) for the regular set(34). It is presented here
only for illustrative purposes, larifying the whole proedure of diagram evaluation.
Aording to disussion after gure 3 external lines stand for the bakground elds P,A ∈ H(Q,O) ⊗
Func(x)⊗T (g). In this partiular example there are three in-lines, orresponding to a eld A, and one out-line,
orresponding to an antield P. It happens that this is the general feature of arbitrary tree diagram in the
A1
A2
A3
Figure 4: 4-point amplitude.
theory (21). Eah onneted diagram (only onneted diagrams are relevant for alulation of eetive ation)
an have many in-lines but only one out-line. This is illustrated in the gure 5.
Figure 5: A tree diagram in the theory (21).
Due to this fat, the diagram tehnique is non-trivial only at the tree level and in 1-loop. All higher loops are
absent. Indeed, the only possibility to organize a loop is to lose the out-line onto one of the in-lines, like in the
gure 6. The resulting diagram has only one loop and only in-lines, prohibiting formation of an another loop.
9
For example, the representative of H(Q) generated by G
(1)
1 (λ) is
eDλ23 eDf2 − eDλ22 eDf3 = −λ2λ3θ2θ3, whih is the last term
in the third line of (37).
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Figure 6: Closing a tree into one loop.
Now we are oming bak to evaluation of the diagram in gure 4. To nd this amplitude, we need expression
for the propagator. To obtain it, introdue the soures for the quantum elds a and p.∫
Ka = 0
pK = 0
DpDa e−(pQa + pJp + Jaa) =
∫
Ka = 0
pK = 0
DpDa e−(pQa + pJp + Ja{K,Q}a) =
=
∫
Ka = 0
pK = 0
DpDa e−(p + JaK)(Qa + Jp) + JaKJp =
∫
Ka = 0
pK = 0
DpDa e−(p + JaK)Q(a + KJp)+ JaKJp ∼ eJaKJp
Here
10
in the rst equality we inserted {K , Q} = 1 in the spae V ( see disussion after (25) ). In the seond
equality we explored the denition of lagrangian sub-manifold Ka = 0 and extrated the total square. In the
next equality we again inserted {K , Q} = 1 in front of the soure Jp and used that (p + JaK)K = 0 due
to K2 = 0 and the denition of lagrangian sub-manifold. The last proportionality sign is obtained after the
integration over a and p. One an shift the integration variables by the terms JaK and KJp beause this shift
is along the integration domain. Thus the propagator in (21) is given by K.
To nd the amplitude in gure 4 one should rst multiply two representatives A1,A2 ∈ H(Q)⊗Func(x)⊗T (g)
in the left vertex. Sine both expressions are losed, the result is the sum of a representativeH(Q) and an exat
expression
11
gA1 · A2 = h + Q(ω)
where h ∈ H(Q) and Kω = 0. At the next step one should apply to this result operatorK, whih is responsible
for propagating quantum eld. Stritly speaking operator K is dened only on the spae V and an not be
applied to H(Q). However we extend the domain of K and dene this ation as KH(Q) = 0. Thus, due to
(23), the result is
K(gA1 · A2) = ω
To nish evaluation of the diagram in gure 4, one should multiply the last in-line A3 by ω and projet the result
onto H(Q). This is done by alulation of the anonial pairing < P, gA3 ·ω > = < P, gA3 ·K(gA1 ·A2) > from
the introdution. Suh projetion is non-zero only if some part of expression g2A3 ·K(A1 · A2) is a representative
of H(Q). Otherwise this amplitude is equal to zero.
Sine the theory (1) ontains Grassmann variables it is important to x onvention of how one should
multiply the elds in eah 3-valent vertex. We use the lokwise rule for that. This means that one should
multiply the elds in the lokwise diretion, starting from the out-line. This onvention was illustrated in the
example above: in the rst vertex the order of multipliation is A1 ·A2 ( not A2 ·A1 ), in the seond vertex A3 ·ω
(not ω · A3).
By this remark we onlude our illustrative example with the 4-point amplitude and swith to evaluation
of eetive ation for the regular set (34). In this example all representatives of H(Q) have remarkable feature
(see expliit expressions (37) ): #λ = #θ (number of λ = number of θ). Propagator K = Q−1 = [λα ∂∂θα ]
−1
10
In these expressions we omit the pairings
R
, STr and < , > in the ation.
11g is the oupling onstant.
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dereases #λ by 1 and inreases #θ by 1, violating #λ = #θ. Hene all the tree diagrams with propagating
quantum eld (like the one in the gure 4) are forbidden (the anonial pairing is equal to zero). We have
explained above that diagram tehnique in the theory (21) is non-trivial only in one loop. It is obvious that
for partiular example of operator Q = λα
∂
∂θα
in the kineti term even 1-loop diagrams are absent. One of
several arguments for this is that the only possible loop diagram is the one presented in the gure (7).
Figure 7: The only possible 1-loop diagram in the theory (21).
This diagram an have only in-lines. Sine eah propagator Q−1 inreases the number of θ by 1, in-lines should
ontribute some negative power of θ, to have a hane to lose the loop. But there are no elds with negative
degree of θ. Hene there are no loop diagrams at all.
We onlude that in this partiular example there are no loop diagrams and there are no non-trivial tree
diagrams, having propagating quantum eld. Hene, the only relevant diagrams are those depited in the
gure 8.
16
5.3 Calulation of Eetive Ation for the "Regular" Set (34)
A onvenient way of evaluation for these diagrams is the introdution of the supereld
A = c + λ1θ1A1 + λ2θ2A2 + λ3θ3A3 + (38)
+ λ2λ3θ2θ3A
∗
1 − λ1λ3θ1θ3A∗2 + λ1λ2θ1θ2A∗3 + λ1λ2λ3θ1θ2θ3 c∗
In this supereld all representatives of H(Q) found in (37) are inluded. Letters c, Aµ, A∗µ, c∗ ∈ Func(x)⊗T (g)
stand for the elds whih will nally form eetive ation. Minus sign in front of λ1λ3θ1θ3 is hosen for the
future onveniene. From the denition of the supereld it is lear that representatives of H(Q) play the role of
polarizations for the elds c, Aµ, A
∗
µ, c
∗
. We would like to emphasize that though in setion 2 we used notation
A∗ for BV antield to a eld A, in the supereld (38) the eld A∗µ is not an antield to Aµ and c
∗
is not an
antield to c. They will beome suh elds only after Z2 redution disussed in the setion 2. While at the
present moment the antields (see (39) below) are denoted by tilde-sign, like c˜, A˜µ, et.
×Φ
Figure 8: Relevant diagrams for AKSZ-Chern-Simons theory, produed from the quadris (34).
To alulate the rst diagram in the gure 8 we should apply operator Φ
Φ = θα
∂fµ
∂λα
∂µ = λ1θ1∂1 + λ2θ2∂2 + λ3θ3∂3
to the supereld A, whih stands for the in-line in this diagram, and projet the result onto ohomologiesH(Q).
This is done by alulation of the anonial pairing < , > with the anti-supereld12
P = c˜ − λ1θ1A˜1 − λ2θ2A˜2 − λ3θ3A˜3 + (39)
+ λ2λ3θ2θ3A˜
∗
1 − λ1λ3θ1θ3A˜∗2 + λ1λ2θ1θ2A˜∗3 − λ1λ2λ3θ1θ2θ3 c˜∗
For instane, take the eld λ1θ1A1. One should apply operator Φ to it:
Φ
(
λ1θ1A1
)
= λ1λ2θ2θ1∂2A1 + λ1λ3θ3θ1∂3A1
The result of projetion onto H(Q) is given by:
< P, λ1λ2θ2θ1∂2A1 + λ1λ3θ3θ1∂3A1 > = < λ1λ2θ1θ2A˜
∗
3, λ1λ2θ2θ1∂2A1 > +
+ < −λ1λ3θ1θ3A˜∗2, λ1λ3θ3θ1∂3A1 > = −A˜∗3∂2A1 + A˜∗2∂3A1
Conduting suh manipulations for eah omponent eld of the supereld A one an obtain the rst line of the
eetive ation (40). Evaluation of the seond diagram of gure 8 goes in a similar way: one should multiply
two superelds A orresponding to the in-lines and projet the result onto the out-line - the superelds P. The
sum of ontributions of these two diagrams is given by
13
Seff =
∫
d3x STr
(
− A˜µ∂µc − c˜∗∂µA∗µ + εµνλA˜∗µ∂νAλ +
+ gεµνλA˜∗µAνAλ + gc˜cc + gA˜µ[c, Aµ] + gA˜
∗
µ{c, A∗µ} + gc˜∗ [c, c∗] + gc˜∗ [A∗µ, Aµ]
) (40)
12
We emphasize that the pairs (BV eld , BV antield) in (38) and (39) are organized as follows: (c, ec), (Aµ, eAµ), (A∗µ, eA∗µ),
(c∗, ec∗).
13
It is important to remember the internal parities of the elds (see the table below). For example, the ghost eld c has negative
parity, hene antiommutes with θα: cλ1θ1A1 + λ1θ1A1c = λ1θ1(A1c − cA1). This expression ontributes into the third term
of the seond line in (40).
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Sine we have started from BV ation (21) and integrated over the lagrangian sub-manifold (25), eetive
ation should be again BV version of some theory. It happens that (40) is nothing but AKSZ-type BV ation
for Chern-Simons theory (19) (see for example [16℄). To see this, one should expand the elds Ψ = Ψ(0) +
Ψ(1) + Ψ(2) + Ψ(3) and Ψ∗ = Ψ∗(0) + Ψ∗(1) + Ψ∗(2) + Ψ∗(3) in the ation (19). The result is
SAKSZ−CS =
∫
STr
(
Ψ∗(0)dΨ(2) + Ψ∗(2)dΨ(0) + Ψ∗(1)dΨ(1) + gΨ∗(3)Ψ(0)Ψ(0) + gΨ∗(2){Ψ(0),Ψ(1)} +
+ gΨ∗(1){Ψ(0),Ψ(2)} + gΨ∗(0){Ψ(0),Ψ(3)} + gΨ∗(1)Ψ(1)Ψ(1) + gΨ∗(0){Ψ(1),Ψ(2)}
)
(41)
Ation (41) reprodues eetive ation (40) under the identiation
Ψ(0) = c Ψ(1) = dxµAµ Ψ
(2) = 12 dx
µ ∧ dxν εµνλ A∗λ Ψ(3) = 16 dxµ ∧ dxν ∧ dxλ εµνλ c∗
Ψ∗(0) = c˜∗ Ψ∗(1) = dxµA˜∗µ Ψ
∗(2) = 12 dx
µ ∧ dxν εµνλ A˜λ Ψ∗(3) = 16 dxµ ∧ dxν ∧ dxλ εµνλ c˜
In this alulation one should take into aount the parities of the elds:
even odd
Aµ c
∗ A˜∗µ c˜ A
∗
µ c A˜µ c˜
∗
and that odd elds antiommute with the generators of exterior algebra dxµ. Hene, in most of terms in (41)
antiommutators transform into ommutators.
Thus, we have demonstrated that AKSZ version of Chern-Simons theory an be obtained as eetive ation
from the theory (1). It is instrutive to note that the ation (40) transforms into normal BV ation for Chern-
Simons gauge theory under the redution over half of degrees of freedom
A˜∗µ = Aµ c˜
∗ = c
A˜µ = A
∗
µ c˜ = c
∗
This Z2 redution was mentioned in the setion 2, see also gure 2. It is possible to do suh redution in ase
the dimension of spae-time is odd. After this redution the ation (40) transforms to
SCS−gauge =
∫
d3x STr
(
− 2A∗µ∂µc + 3gA∗µ[c, Aµ] + 3g c∗cc + εµνλAµ∂νAλ + gεµνλAµAνAλ
)
whih is BV ation of Chern-Simons gauge theory under redenitions g −→ 23g, c∗ −→ 12c∗ and A∗µ −→ 12A∗µ. In
this ation the eld Aµ is the gauge eld, A
∗
µ is BV anti-gauge eld, c is the ghost eld and c
∗
is BV anti-ghost
eld.
5.4 Generalization for arbitrary "regular" system of onstraints
Thus, we have demonstrated that the theory (40) arises as eetive ation for partiular hoie of onstraints
(34). It happens that this result is in fat more general. The same eetive ation an be obtained for arbitrary
"regular" set of onstraints. To see this, note that in ase of "regular" quadris the rst-level relations an
be written as
G(1) µ1 = εµ1µ2fµ2
where εµ1µ2 is an arbitrary antisymmetri matrix. It is onvenient to hoose a basis in the spae of suh matries.
The basis elements are denoted by two indies α1 and α2 : ε
µ1µ2
α1 α2
- the matrix whih has 1 at the intersetion
of α1-th line and α2-th olumn and −1 at the α1-th olumn and α2-th line. Expliit expression for suh matrix
is
εµ1µ2α1 α2 =
(
δµ1α1δ
µ2
α2
− δµ1α2δµ2α1
)
Thus, in "regular" ase the rst-level relations are:
G(1) µ1α1 α2 =
(
δµ1α1δ
µ2
α2
− δµ1α2δµ2α1
)
fµ2
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They obviously satisfy G
(1) µ1
α1 α2 fµ1 = 0. Expliit expressions for the seond-level relations are
G
(2) α1 α2
β1 β2 β3
= δα1[β1δ
α2
β2
δα3
β3]
fα3
where one should make antisymmetrization over the indies β1,β2,β3. Expressions for the n-th level relations
are
G
(n) α1,.....,αn
β1,.....,βn+1
= δα1[β1.....δ
αn+1
βn+1]
fαn+1
To extrat ohomologies from this system of relations one should apply operator D˜ to them aording to (30).
Straightforward alulation for the rst-level relations gives
D˜G(1) β1α1 α2D˜fβ1 = 2D˜fα2D˜fα1
Similar omputation for higher-order relations demonstrate that the algebra of ohomologies (30) is isomorphi
to exterior algebra Λ•{D˜f1, ....., D˜fN} of antiommuting generators D˜f1, ....., D˜fN . Hene, we onlude that
for "regular" system of quadris the algebra of ohomologies is universal and does not depend on expliit
expressions of quadris fµ(λ). The same is true for the eetive ation. Sine H(Q) = Λ•{D˜f1, ....., D˜fN},
eah representative has #λ = #θ (degree of λα is the same as degree of θα). Using the same argument as in
the end of setion 5.2 we onlude that the only relevant diagrams for arbitrary "regular" system are those
of gure 8. Sine algebra of ohomologies H(Q) is universal and diagrams are universal, eetive ation is also
universal. This eetive ation is AKSZ-Chern-Simons theory in N dimensions. (This was demonstrated in
setion 5.3 for N = 3. Generalization to higher N is straightforward.) This theory is well dened for arbitrary
(inluding even) value of N .
Important observation is that almost all possible onstraints are "regular" (this is true if the number of
quadris is less then the number of λα: N ≤ K). Indeed, suppose we have written without thinking some
random set of quadris:
f1 = 3.14159λ
2
1 + 2λ2λ3 + ln 5λ1λ2
f2 = 10λ
2
1 + λ
2
2 +
√
2λ1λ2
f3 = λ1λ3
Most probably, if this set is enough ompliated, there are only trivial relations, obtained by antisymmetrization
of fµ(λ). Hene, the set is "regular". Thus, if we take a random point in the spae of quadris, we, most
probably, obtain a "regular" system, hene the theory of AKSZ-Chern-Simons as eetive ation.
Conluding this setion we see that eetive eld theory is in one to one orrespondene with the oeients
of quadris fµ(λ). In the spae of these oeients "regular" points orrespond to AKSZ-Chern-Simons
theories. Nearly all points in this spae are "regular". However, there is a small, but still innite, number of
"singular" points. In this points some non-trivial diagrams survive, hene non-trivial theories appear. In the
next setion we study one example of suh "singular" point. We demonstrate that eetive ation (27) in this
point reprodues BV version of two dimensional model, whih ontains a gauge eld, salars and some number
of fermions.
6 The Gauge Model
This setion presents our main result in the present paper. We demonstrate that in the spae O[θα , λα | fµ(λ)]
generated by 4 variables λα and θα (α = 1..4) there exists a "singular" set of 5 onstraints f
µ(λ):
f1 = λ1λ2
f2 = λ2λ3
f3 = λ3λ4 (42)
f4 = λ
2
1
f5 = λ
2
4
suh that eetive BV ation for the theory (1) represents the two-dimensional gauge model.
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The system of quadris (42) is invariant under the disrete Z2 symmetry:
λ1 ↔ λ4
λ2 ↔ λ3
f1 ↔ f3
f2 ↔ f2
f4 ↔ f5
(43)
whih after alulation of eetive ation beomes the symmetry between the left and right elds.
We begin analysis of the system (42) from evaluation of all representatives of H(Q) along the lines of
setion 4. The rst-level relations, written in the basis (f1, f2, f3, f4, f5) are:
G
(1)
1 = λ3 −λ1 0 0 0
G
(1)
2 = λ1 0 0 −λ2 0
G
(1)
3 = 0 λ4 −λ2 0 0
G
(1)
4 = 0 0 λ4 0 −λ3
G
(1)
5 = λ
2
4 0 0 0 −λ1λ2
G
(1)
6 = 0 0 λ
2
1 −λ3λ4 0
G
(1)
7 = 0 0 0 λ
2
4 −λ21
Note, that relations G
(1)
5 , G
(1)
6 , G
(1)
7 are trivial aording to the denition above the example in setion 4.1.
However there are additional relations G
(1)
1 , G
(1)
2 , G
(1)
3 , G
(1)
4 whih are non-trivial. Hene, the system of
quadris (42) is "singular".
Seondary relations in the basis (G
(1)
1 , G
(1)
2 , G
(1)
3 , G
(1)
4 , G
(1)
5 , G
(1)
6 , G
(1)
7 ) are
G
(2)
1 = 0 λ
2
4 0 0 −λ1 0 λ2
G
(2)
2 = 0 0 0 λ
2
1 0 −λ4 −λ3
G
(2)
3 = λ
2
4 0 λ1λ4 λ1λ2 −λ3 0 0
G
(2)
4 = λ1λ4 −λ3λ4 λ21 0 0 λ2 0
There is only one third-level relation G(3)
λ3G
(2)
1 + λ2G
(2)
2 − λ1G(2)3 + λ4G(2)4 = 0
whih ompletes the tower of relations. It is straightforward to obtain all representatives of H(Q) by applying
operator D˜ to these relations. The result is presented in the rst olumn of the table on the next page14.
In the previous setion we used the notation of the supereld as a tool for diagram alulation. Sine the
number of ohomologies for the set (42) is large, it is more onvenient to present this supereld in the form of the
table. Seond and third olumns in this table stand for notation of omponent eld and antield respetively.
In the rst olumn the λ-θ struture (polarization) for these omponent elds is written. By horizontal lines all
representatives are divided in groups having equal number of λ and θ.
It should be emphasized here that in the previous hapters we denoted the BV antield to a eld A as A∗.
In the present setion we denote BV antield to a eld A as A˜. This is done only for onveniene, beause as
will be lear in the end of the setion some of the elds A˜ will ontribute into the lassial part of the eetive
BV ation.
14
Though the alulation is straightforward, we give an example here, whih also laries one subtlety in this table. Consider
the ohomology, generated by the third seond-level relation G
(2)
3 :
eD" eD“ eD`G(2) A3 ´ G(1) µA ” fµ
#
=
16
30
λ2λ4θ1θ3θ4 +
13
30
λ1λ4θ2θ3θ4
This expression is dierent from the polarization of the eld ϕ7 in the table. However, sine ohomologies are equivalene lasses,
one has a freedom to add the exat term − 3
60
Q(λ4θ2θ1θ3θ4) to this result to obtain the expression proportional to that in the
table. Addition of suh exat expression is done only for onveniene. It is allowed to add suh exat terms to the polarizations of
elds whih do not ontribute to the diagrams with propagator. For diagrams with propagator, addition of exat terms an hange
the result for the eetive ation. Hene one should use preisely the representatives given by expressions (30).
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Polarization Field Antield
1 c c˜
λ1θ2 + λ2θ1 γ+ γ˜+
λ2θ3 + λ3θ2 ϕ ϕ˜
λ3θ4 + λ4θ3 γ− γ˜−
λ1θ1 A+ A˜+
λ4θ4 A− A˜−
λ1θ1θ2 ψ+ ψ˜+
λ4θ4θ3 ψ− ψ˜−
1
3 (λ1θ3θ2 + λ3θ2θ1 + 2λ2θ3θ1) χ+ χ˜+
1
3 (λ2θ3θ4 + λ4θ2θ3 + 2λ3θ2θ4) χ− χ˜−
λ1λ4θ1θ4 ϕ1 ϕ˜1
λ1λ4θ4θ2 + λ2λ4θ4θ1 ϕ2 ϕ˜2
λ1λ3θ1θ4 + λ1λ4θ1θ3 ϕ3 ϕ˜3
λ1λ4θ1θ4θ3 ϕ4 ϕ˜4
λ1λ4θ1θ2θ4 ϕ5 ϕ˜5
λ1λ3θ1θ2θ4 + λ1λ4θ1θ2θ3 ϕ6 ϕ˜6
λ2λ4θ1θ4θ3 + λ1λ4θ2θ4θ3 ϕ7 ϕ˜7
λ1λ4θ1θ2θ3θ4 ϕ8 ϕ˜8
It is obvious that (43) is a symmetry of elds in the table. For example, under this symmetry A+ ↔ A− ,
χ+ ↔ χ− , ϕ ↔ ϕ and so on for all 18 elds of the table. Most of elds in this table are doublets under
this symmetry, however there are singlets, like c, ϕ, ϕ1, ϕ8.
Operator Φ, whih is the seond term in (2), for this model is given by
Φ = (λ1θ2 + λ2θ1)∂1 + (λ2θ3 + λ3θ2)∂2 + (λ3θ4 + λ4θ3)∂3 + 2λ1θ1∂4 + 2λ4θ4∂5 =
= 2λ1θ1∂+ + 2λ4θ4∂−
Note, that in the seond equality we use the freedom of hoosing the spae Func(x) in the denition of (1). We
hoose this spae in suh a way that all the elds in our model depend only on x4 and x5 and do not depend
on x1,x2,x3, making a redution from 5 dimensional theory to two dimensions. These derivatives are denoted
by ∂4 = ∂+ and ∂5 = ∂−.
For the theory (42) all non-trivial diagrams are shown in the gures 9 - 13. We start from the simplest one
in the gure 9. To alulate this diagram one should take a representative from the table, apply operator Φ to it
and projet the result onto ohomologies H(Q) aording to the anonial pairing < , > from the introdution.
For instane take the representative λ1θ1A+
Φ(λ1θ1A+) = 2λ1λ4θ4θ1∂−A+
∣∣∣
Projecting
−→ −2ϕ˜1∂−A+
In the last equality we projeted the result onto omponent eld λ1λ4θ1θ4ϕ˜1 of the supereld P whih inludes
all the elds from the last olumn of the table: < λ1λ4θ1θ4ϕ˜1, 2λ1λ4θ4θ1∂−A+ > = −2ϕ˜1∂−A+. This is one
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×Φ
Figure 9: Kineti term.
term in the eetive ation. The whole ontribution of the diagram in gure 9 is
S(1) =
∫
STr
(
2A˜+∂+c + 2A˜−∂−c + 2ϕ˜3∂+γ− + 2ϕ˜2∂−γ+ + 2ϕ˜1(∂+A− − ∂−A+) +
+ 2ϕ˜4∂+ψ− + 2ϕ˜5∂−ψ+ + ϕ˜6∂+χ− + ϕ˜7∂−χ+
)
were integral now denotes usual integration over two spae-time dimensions.
Next diagram is the one in the gure 10. Again, as an illustrative example onsider the elds A− and A+.
Figure 10: 3-valent vertex.
Using the lokwise rule of setion 5.2 the result is given by
(λ1θ1A+)(λ4θ4A−) = λ1λ4θ1θ4A+A−
∣∣∣
Projecting
−→ ϕ˜1A+A−
There is another ontribution to this diagram from the exhange of the in-legs:
(λ4θ4A−)(λ1θ1A+) = −λ1λ4θ1θ4A−A+
∣∣∣
Projecting
−→ −ϕ˜1A−A+
Hene, the ontribution into eetive Lagrangian is L = Tr gϕ˜1[A+, A−] the ommutator of elds A+ and
A−. The total result for all the elds is:
S(2) =
∫
STr g
(
ϕ˜1[A+, A−] + ϕ˜2[A−, γ+] + ϕ˜3[A+, γ−] + ϕ˜4[A+, ψ−] + ϕ˜5[A−, ψ+] +
+ ϕ˜6[γ−, ψ+] +
1
2
ϕ˜6[A+, χ−] + ϕ˜7[γ+, ψ−] +
1
2
ϕ˜7[A−, χ+] − ϕ˜8{ψ+, ψ−} +
+ c˜cc + γ˜+[γ+, c] + ϕ˜[ϕ, c] + γ˜−[γ−, c] + A˜+[A+, c] + ...... + ϕ˜8{ϕ8, c}
)
In the last line the standard terms, resulting from the anti-ommutator with the ghost eld c are written. Suh
terms are non-vanishing for all 18 elds of the table. They are denoted by multi-dot sign. Again, we emphasize
that it is important to take into aount internal parities of the elds (see footnote 13). At this step one an
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have an impression that the notion of internal parities is a sort of guess that one an make looking at the nal
answer for the eetive ation. In fat this is not the ase. Internal parities an be diretly extrated from the
homologial analysis. The point is that all the elds in the table above are divided by horizontal lines into blos
having ertain degree of homogeneity in θα. The rst eld c, the ghost eld, has zero degree of homogeneity in θ
and negative internal parity. The seond group of elds: salar ϕ, gauge eld A± and boson elds γ± are linear
in θ and have positive internal parity. The fermion elds ψ± and χ± are quadrati in θ and have again negative
internal parity. Analyzing these examples one an ome to the onlusion that all the elds in the table have
negative total parity, whih is θ-parity plus internal parity. While all the antields (the third olumn of the
table) have positive total parity. This rule works in a universal way for arbitrary system of quadris fµ(λ)
and is the peuliar feature of the formalism. One an hek this rule for the "regular" system of setion 5.3.
The most non-trivial part of the eetive ation is the gauge setor. By straightforward alulation one an
hek that in this setor the only elds ontributing into in-lines are ϕ, A−, A+ and the only out-line eld is
ϕ˜8. It happens that only the eld ϕ ontributes into the diagram in the gure 11 whih is responsible for the
×Φ ×Φ
Figure 11: Kineti term in the gauge setor.
kineti term in this setor. Applying to this eld operator Φ
Φ(λ2θ3 + λ3θ2)ϕ = 2λ1λ3θ1θ2∂+ϕ + 2λ2λ4θ4θ3∂−ϕ
then operator K = Q−1
K Φ(λ2θ3 + λ3θ2)ϕ = 2λ1θ3θ1θ2∂+ϕ + 2λ4θ2θ4θ3∂−ϕ
and nally operator Φ again
ΦK Φ(λ2θ3 + λ3θ2)ϕ = 4λ1λ4θ4θ3θ1θ2∂−∂+ϕ + 4λ1λ4θ1θ2θ4θ3∂+∂−ϕ
∣∣∣
Projecting
−→ −8ϕ˜8∂+∂−ϕ
results into the following ontribution into eetive ation
S(3) =
∫
STr
(− 8ϕ˜8∂+∂−ϕ) (44)
The quarti terms are given by the diagrams in gure 12
ϕ
A+
A−
ϕ˜8
A+
ϕ
A−
ϕ˜8
ϕ
A+
ϕ˜8
A−
A+
ϕ
ϕ˜8
A−
Figure 12: Quarti ontribution into eetive ation for the gauge setor.
plus the same diagrams with interhanged A+ and A−. All four ontributions of gure 12 are dierent due to
the lokwise rule of setion 5.2. The alulation of these diagrams is the same as that in gure 4. We present
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only the nal answer whih is a double ommutator of the elds:
S(4) =
∫
STr
(
g2ϕ˜8[A−, [ϕ,A+]] + g2ϕ˜8[A+, [ϕ,A−]]
)
(45)
The last ontribution is into ubi terms. Relevant diagrams are presented in the gure 13. In the rst diagram
×Φ
A+ and A−
ϕ˜8
×Φ
ϕ
ϕ˜8
×Φ
A+ and A−
ϕ
Figure 13: Cubi ontribution into eetive ation for the gauge setor.
possible ombinations of external in-lines are (ϕ,A−), (A−, ϕ), (ϕ,A+), (A+, ϕ). Straightforward alulation
of these diagrams gives
S(5) =
∫
STr
(
2gϕ˜8[∂+ϕ,A−] + 2gϕ˜8[∂−ϕ,A+] + 2gϕ˜8∂−[ϕ,A+] + 2gϕ˜8∂+[ϕ,A−]
)
(46)
These ubi diagrams are the last relevant ontributions into eetive ation for the gauge setor. Colleting
together all the results of (44),(45),(46) one an write the eetive ation for the gauge setor as:
Sgauge =
∫
STr ϕ˜8
(
− 8∂+∂−ϕ + 2g[∂+ϕ,A−] + 2g[∂−ϕ,A+] + 2g∂−[ϕ,A+] +
+ 2g∂+[ϕ,A−] + g2[A−, [ϕ,A+]] + g2[A+, [ϕ,A−]]
) (47)
It is possible to reognize in this expression in the brakets the ovariant laplaian in the adjoint representation
−∂µ∂µϕ − g[Aµ, ∂µϕ] − g∂µ[Aµ, ϕ] − g2[Aµ, [Aµ, ϕ]] in two dimensions15 under the identiation
A1 =
1√
2
(A+ + A−) ∂1 =
√
2(∂+ + ∂−)
A2 =
1√
2
(A+ − A−) ∂2 =
√
2(∂+ − ∂−)
At this step evaluation of eetive ation for the "singular" system of quadris (42) is nished. As we explained
in setion 3 it is obtained from BV integration over the lagrangian sub-manifold. Hene, the result is again a
BV ation. The question is: "To what theory this BV ation orresponds?"
Eetive ation for the system (42) ontains totally 36 elds (18 elds and 18 antields). Sine there is a
omplete symmetry between the elds and antields in BV formalism, for eah pair eld - antield one has
a freedom to hoose any one of this pair and onsider it as a eld and another one as an antield. Then, to
extrat lassial gauge invariant ation I[A] from the BV ation one an simply put all the antields equal to
zero. This is obvious from the denition of BV ation (12). For our partiular model the onvenient hoie is
the following
16
:
Fields c γ+ ϕ γ− A+ A− ψ+ ψ− χ+ χ− ϕ˜1 ϕ˜2 ϕ˜3 ϕ˜4 ϕ˜5 ϕ˜6 ϕ˜7 ϕ˜8
Antields c˜ γ˜+ ϕ˜ γ˜− A˜+ A˜− ψ˜+ ψ˜− χ˜+ χ˜− ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7 ϕ8
(48)
At the next step one should put all the antields equal to zero. Then the result for the lassial ation whih
15
Summation is with respet to the metri ηµν = diag(1,−1)
16
Note, that imposing the ondition - all the antields are equal to zero - determines the lagrangian sub-manifold.
24
we denote I[A] is given by:
I[A] =
∫
Tr
(
ϕ˜1
(
2(∂+A− − ∂−A+) + g[A+, A−]
)
+ ϕ˜8
(
− 8∂+∂−ϕ + 2g[∂+ϕ,A−] + 2g[∂−ϕ,A+] +
+ 2g∂−[ϕ,A+] + 2g∂+[ϕ,A−] + g2[A−, [ϕ,A+]] + g2[A+, [ϕ,A−]]
)
− gϕ˜8{ψ+, ψ−} +
+ ϕ˜2
(
2∂−γ+ + g[A−, γ+]
)
+ ϕ˜3
(
2∂+γ− + g[A+, γ−]
)
+ ϕ˜4
(
2∂+ψ− + g[A+, ψ−]
)
+
+ ϕ˜5
(
2∂−ψ+ + g[A−, ψ+]
)
+ ϕ˜6
(
∂+χ− +
1
2
g[A+, χ−] + g[γ−, ψ+]
)
+
+ ϕ˜7
(
∂−χ+ +
1
2
g[A−, χ+] + g[γ+, ψ−]
) )
(49)
Above we have mentioned that the total parity (θ parity plus internal parity) is always negative for the AKSZ
eld. Sine internal parity for AKSZ antield is negative, the total parity of AKSZ antield (the elds in the
third olumn of the table on the page 22) is positive. Hene, in the ation I[A] internal parities are given by:
Positive internal parity γ+ ϕ γ− A+ A− ϕ˜1 ϕ˜2 ϕ˜3 ϕ˜8
Negative internal parity ψ+ ψ− χ+ χ− ϕ˜4 ϕ˜5 ϕ˜6 ϕ˜7
Thus, we identify the elds with positive internal parity with bosons and with negative internal parity with
fermions. Hene, introduing notations for the fermions ψ, χ and bosons β, Φ, φ1, φ2 in the following way:{
ϕ˜4 = ψ−
ϕ˜5 = ψ+
{
ϕ˜6 = 2χ−
ϕ˜7 = 2χ+
{
ϕ˜2 = β+
ϕ˜3 = β−
ϕ˜1 = Φ
{
ϕ = 1√
2
(φ1 + iφ2)
ϕ˜8 =
1√
2
(φ1 − iφ2)
one an write the ation (49) in the anonial form:
I[A] =
∫
Tr
(
ΦF+− + D+φ1D−φ1 + D−φ2D+φ2 − g√
2
φ1{ψ+, ψ−} + i g√
2
φ2{ψ+, ψ−} + β+D−γ+ +
+ β−D+γ− + ψ−D+ψ− + ψ+D−ψ+ + χ−D+χ− + χ+D−χ+ + 2gχ−[γ−, ψ+] + 2gχ+[γ+, ψ−]
)
(50)
It should be emphasized that the elds ψ and χ are not onneted with ψ and χ by omplex onjugation.
They are other dynamial elds of the theory. We also use notations D+ = 2∂+ + g[A+, ] and D− =
2∂− + g[A−, ] for left and right adjoint ovariant derivatives and F−+ = 2(∂−A+ − ∂+A−) + g[A−, A+] =
= ∂1A2 − ∂2A1 + g[A1, A2] = F12 for the eld strength.
From the expression (50) it is lear that the spetrum of eetive theory ontains: a gauge eld (whih is not
dynamial), two adjoint salars φ1 and φ2, fermions ψ, ψ, χ, χ and bosoni elds β and γ with the kineti term
of rst order in derivatives. The eld Φ plays the role of Lagrange multiplier for the zero urvature ondition.
The theory (50) provides another example of physially interesting theory whih arises from Berkovits
onstrution or equivalently from the ation (1). Though the gauge eld is not dynamial in this theory, there is
a non-trivial Yukawa-like interation between left and right fermions. There are also salars whih have kineti
term quadrati in derivatives. We have already mentioned in the introdution that this theory is the minimal
model, omplying with this ondition (minimal number K = 4 of θα and minimal number N = 5 of quadris
fµ(λ) ). Thus, it is of interest to searh for other examples of "singular" quadris whih provide non-trivial
physially interesting theories arising from the fundamental ation (1). Suh theories will reprodue non-trivial
gauge models in d = 3 and probably even in d = 4 dimensions.
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7 Conlusion
It was shown that the BV ation for a large lass of eld theories an be obtained as eetive ation from the
fundamental theory (1). The whole information about degrees of freedom and the struture of eetive ation is
enoded in the system of quadris fµ(λ). There are two lasses of suh quadris: "regular" and "singular".
Eetive ation for "regular" system is universal, independently of the partiular λα dependene of f
µ(λ).
Eetive ation for "singular" quadris is not universal and strongly depends on the struture of fµ(λ). One
example of suh "singular" theories is the 2-D model of setion 6.
As we mentioned in the introdution these ideas an be depited in the piture (see gure 1) illustrating the
struture of the spae of eetive theories. As the last onluding remark we would like to larify this piture
a little (see gure 14).
Figure 14: An illustration on the struture of the spae of eetive theories.
Dierent "singular" theories (blak points) representing 10-D SYM, 11-D SUGRA, 2-D model of setion 6
have dierent numbers K of λα and N - the number of quadris. Hene they are from the dierent domains of
the spae of eetive theories (see gure 14). The point is that in ase K ≥ N there exist both "regular"
and "singular" systems of quadris. However if N > K there are no "regular" systems. All quadris are
"singular" in this ase. Hene the theories 10-D SYM (K = 16, N = 10) and 11-D SUGRA (K = 32, N = 11)
are indeed surrounded by AKSZ-CS theories in their domains (stritly speaking the theories 10-D SYM and
11-D SUGRA are obtained from the eetive ation only after Z2 redution, whih is similar to the one disussed
in setion 2). However the 2-D model of setion 6 (K = 4, N = 5) is surrounded again by singular theories.
This fat is indiated in the gure 14. Even in ase K ≥ N there ould be small deformations of quadris whih
remain the system fµ(λ) "singular". Hene, even in this ase "singular" theories are not single dots but an
have some modules. The signs "?" stand in the gure beause we do not know whether it is possible or not to
deform the onstrution ontinuously from the one domain to an another.
8 Appendix. Algebrai Meaning of the Berkovits Complex
ABSTRACT
Complete "mathematial" proof of the theorem from the setion 4 is given. Using the Zig-Zag (Tik-Tak-Toe)
tehnique it is demonstrated that ohomologies of the Berkovits omplex are in one-to-one orrespondene with
the ohomologies of ertain omplex with zero dierential. This allows at one to write down expliit expressions
(30) for all representatives of H(Q,O).
In the main part of the paper we have studied the omplex
C[λ, θ]/If
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with the dierential
Q = λα
∂
∂θα
where If is the ideal in C[λ] generated by a set of quadris fµ(λ). We are interested in this omplex beause
its ohomologies orrespond to polarizations of elds in various (supersymmetri) quantum eld theories.
At rst glane this omplex looks like another trik in supersymmetry. However (like many other triks) this
one is also related to some algebro-geometri onstrution. One an show that Berkovits omplex is nothing
but the omplex omputing the higher derived funtor Tor∗ between two modules over the ring C[λ].
Here we will give an elementary explanation of this fat. It would also explain why ohomologies of Berkovits
omplex are omputed in terms of relations between relations.
First, let us explain what is the minimal free resolution. Consider the sequene:
.......
B−−−−→ CM2 [λ] B−−−−→ CM1 [λ] B−−−−→ CN [λ] B−−−−→ C[λ] eB−−−−→ S 0−−−−→ 0 (51)
Here C[λ] is a ring of polynomials, CN [λ], CM1 [λ], CM2 [λ] is respetively N , M1 and M2 opies of C[λ], and
S is the oset S = C[λ]/If . The dierential in this omplex is dened as follows: the rst dierential from the
right is simply zero, the seond one - B˜ makes fatorization over the ideal If . To dene other maps introdue
a basis in the spaes CN [λ], CM1 [λ], CM2 [λ], ... The basis elements are eµ (µ = 1..N), eA1 (A1 = 1..M1), eA2
(A2 = 1..M2),... The ation of B is given by:
B(eµ) = fµ
B(eA1) = G
(1) µ
A1
eµ
B(eA2) = G
(2) A1
A2
eA1
..............................................
(52)
where G
(1) µ
A1
(λ) is the fundamental system of relations at the rst level, G
(2) A1
A2
(λ) are the seond-level funda-
mental relations and so on. This sequene is shematially depited in the gure 15.
CM2 [λ]
B−−−−→ CM1 [λ] B−−−−→ CN [λ] B−−−−→ C[λ] eB−−−−→ S 0−−−−→ 0
If
Figure 15: The free resolution.
In this gure light ovals denote the spaes S, C[λ], CN [λ], CM1 [λ],... Eah spae ontains a subspae (dark
oval) whih is mapped to zero by the dierential. For example, operator B˜ : C[λ] −→ S maps eah element
of the ideal If (dark oval in C[λ]) to zero. At the previous step dierential B : C
N [λ] −→ C[λ] maps an
arbitrary element Pµ(λ)eµ of C
N [λ] onto B(Pµ(λ)eµ) = P
µ(λ)fµ(λ) - the element of the ideal. Hene, the
pre-image of the ideal If is the whole spae C
N [λ]. This fat is illustrated in the gure 15 by the oni-like
dashed lines. The free module CN [λ] again ontains the subspae whih is mapped to zero. This subspae is
given by the elements Pµ(λ)eµ, satisfying B(P
µ(λ)eµ) = P
µ(λ)fµ(λ) = 0. Hene, the dark oval in C
N [λ] is
the module of rst-level relations. Again, the pre-image of this module is the whole spae CM1 [λ]. Indeed, the
arbitrary element PA(λ)eA is mapped to B(P
A(λ)eA) = P
A(λ)G
(1) µ
A eµ whih is a relation sine G
(1) µ
A (λ) is
a fundamental relation ( G
(1) µ
A fµ(λ) = 0 ). Similar arguments an be applied to higher terms C
M2 [λ], CM3 [λ]
and so on. From the gure 15 it is obvious that the sequene satises two properties:
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1. Double ation of the dierential on an arbitrary element of the sequene gives zero (this is lear from the
dashed lines in gure 15): B2 = 0.
2. This sequene has no ohomologies: eah losed element is exat (again, this follows from the dashed lines).
The sequene, satisfying these two onditions is alled the minimal free resolution. Minimality means that
the elements of the fundamental system of relations are linearly independent. In this sequene most of terms
are n-opies of the ring C[λ]. Hene, they are free modules. However, the rst term S is given by the oset,
hene is far from being free.
Now we are ready to present the ruial instrument of the onstrution. Consider the bi-omplex with
dierentials B and Q whih an be written as the table:
.....
Q−−−−→ [F (λ, θ2)] Q−−−−→ [F (λ, θ)] Q−−−−→ [F (λ)]x eB x eB x eB
.....
Q−−−−→ F (λ, θ2) Q−−−−→ F (λ, θ) Q−−−−→ F (λ) eQ−−−−→ cxB xB xB x0
.....
Q−−−−→ Fµ(λ, θ2)eµ Q−−−−→ Fµ(λ, θ)eµ Q−−−−→ Fµ(λ)eµ
eQ−−−−→ cµeµxB xB xB x0
.....
Q−−−−→ FA1(λ, θ2)eA1
Q−−−−→ FA1(λ, θ)eA1
Q−−−−→ FA1(λ)eA1
eQ−−−−→ cAeAxB xB xB x0
..... ..... ..... .....
(53)
The rst line - the horizontal margin of the table - is the Berkovits omplex. The dierential is given by
Q = λα
∂
∂θα
whih ats in the spae O[θα , λα | fµ(λ)]. The grading in this spae is given by the degree of θ and
Q dereases the grading. We use the notations [F (λ)], [F (λ, θ)], [F (λ, θ2)],... to represent equivalene lasses
of funtions, of ertain degree in θα, in the spae O[θα , λα | fµ(λ)] = C[λ, θ]upslopeIf .
Eah term of the Berkovits omplex is resolved in vertial diretion by the free resolution of gure 15. This
means that one an think about eah olumn in the table as the tensor produt the free resolution by the
funtions of ertain degree in θα. This resolution is equipped with the ation of the dierential B, dened in
(52), and B˜ whih ats when one jumps from the table to the horizontal margin of the table (the sequene
above the horizontal blak line)
17
.
Thus we see that the table is equipped with the struture of the free resolution in the vertial diretion. It
happens that it is possible to build the omplex on the vertial margin of the table (to the right of the blak
vertial line) in suh a way that eah horizontal sequene will be again a free resolution. To demonstrate this
take as an example the seond line of the table:
.....
Q−−−−→ Fµ(λ, θ2)eµ Q−−−−→ Fµ(λ, θ)eµ Q−−−−→ Fµ(λ)eµ
eQ−−−−→ cµeµ 0−−−−→ 0 (54)
Sine within the table (below the blak horizontal line and to the left from the vertial one) there are no any
onstraints, like fµ(λ) , the sequene (54) is free of ohomologies in the setor of θ, θ2, θ3 and so on. This
is true due to Ker(Q) = 0 in the ring C[λ, θ] in these setors. Still, the question remains in the setor
Fµ(λ)eµ of zero degree in θ. To make the sequene exat, we dene the Q˜-operator (the jump from the table
to the vertial margin) as fatorization over the ideal Iλ, generated by the elements {λ1, λ2, ..., λK}. In this
ase the image of Q-operator are funtions Q(Fµ(λ, θ)eµ) at least linear in λα ( sine Q = λα
∂
∂θα
). Hene,
operator Q˜ (fatorization over the ideal Iλ) maps suh funtions to zero, removing all ohomologies, in the
setor Fµ(λ)eµ. Thus to make the sequene (54) exat the omplex on the vertial margin should be dened
17
We emphasize here that the notation F (λ, θ2) below the blak line is used to denote a funtion, quadrati in θα. Notation
[F (λ, θ2)] is used to denote an equivalene lass whih is obtained from F (λ, θ2) after fatorization over the ideal If .
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in the spae C[λ]upslopeIλ = C of omplex numbers. Hene, the dierential B, whih is dened through relations
(52) is simply zero on the vertial margin, due to the fat that fundamental relations G(1)(λ), G(2)(λ),... are
at least linear in λα. This fat is indiated on the vertial margin of (53) where the dierential B is redued to
B = 0 beause of fatorization over the ideal Iλ.
Conluding the presentation of the bi-omplex, we summarize that it is written as the table (below the
blak horizontal line and to the left from the vertial one). This table has two margins: horizontal (above the
horizontal line) and vertial (to the right of the vertial line). Horizontal margin is the Berkovits omplex with
operator Q, ating in the spae O[θα , λα | fµ(λ)]. Vertial margin is the omplex with zero dierential, ating
in the spaes C[λ]upslopeIλ = c, C
N [λ]upslopeIλ = c
µeµ, C
M1 [λ]upslopeIλ = c
A1eA1 and so on. Here c, c
µ
, cA1 , ..... are
simply omplex numbers. All the terms within the table are free of any fatorization onditions.
Our last remark is that the ation of operators B and Q is ommutative [B, Q] = 0 on the table. This
is true sine the ation of B is dened through the fundamental system of relations (52), hene ontains only
multipliation by λ. Operator Q also inreases the number of λ. Sine λα are ommuting variables [B, Q] = 0.
For the same reason ommutators [B, Q˜] = 0 and [B˜, Q] = 0 also vanish.
The Zig-Zag Theorem: the ohomologies of the Berkovits omplex H(Q,O) are in one-to-one orrespondene
with the ohomologies of the omplex at the vertial margin of the table.
The proof is in zig-zag jumps on the table (53). All arguments are similar for eah term of the Berkovits omplex.
Thus we illustrate them taking the rst non-trivial example - the lass [F (λ, θ)]. The zig-zag responsible for
this term is presented in the table:
.....
Q−−−−→ [F (λ, θ2)] Q−−−−→ [F (λ, θ)] Q−−−−→ [F (λ)]x eB x eB x eB
.....
Q−−−−→ F (λ, θ2) Q−−−−→ F (λ, θ) Q−−−−→ F (λ) eQ−−−−→ cxB xB xB x0
.....
Q−−−−→ Fµ(λ, θ2)eµ Q−−−−→ Fµ(λ, θ)eµ Q−−−−→ Fµ(λ)eµ
eQ−−−−→ cµeµxB xB xB x0
.....
Q−−−−→ FA1(λ, θ2)eA1
Q−−−−→ FA1(λ, θ)eA1
Q−−−−→ FA1(λ)eA1
eQ−−−−→ cAeAxB xB xB x0
..... ..... ..... .....
(55)
In the step1 of the proof we show that eah Q-losed element in the spae [F (λ, θ)] has a orresponding
element in the setor cµeµ of the vertial omplex. Sine the omplex has zero dierential this element is 0-
losed. In the step2 we show that eah Q-exat element in the setor [F (λ, θ)] is mapped to zero in the setor
cµeµ (by the same zig-zag). Sine the vertial omplex has zero dierential, it has no exat expressions. Hene,
aording to step1 and step2 we onlude that there is a map from the ohomologies of the Berkovits omplex to
the ohomologies of the vertial omplex. The only question remains if this map is a one-to-one orrespondene.
To onvine that it is the ase, in step3 we start from the ertain element in the setor [F (λ, θ)], then pass
through the zig-zag to the vertial omplex and then, along the same zig-zag, in the opposite diretion. The fat
that we obtain the same element ompletes the proof that the zig-zag map is the one-to-one orrespondene.
step1 Suppose the lass [F (λ, θ)] is Q-losed. This means that QF (λ, θ) = cµ(λ)fµ(λ), where c
µ(λ) are
some oeients. We are going to pass along the zig-zag, indiated in (55), to the vertial omplex and nd
the orresponding element cµeµ in it. This element is 0-losed. Sine the vertial olumn
.....
B−−−−→ Fµ(λ, θ)eµ B−−−−→ F (λ, θ)
eB−−−−→ [F (λ, θ)] 0−−−−→ 0
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is the free resolution of gure 15 and the last term [F (λ, θ)] in it is mapped to zero, one an apply operator
B˜−1 to [F (λ, θ)], beause the free resolution is free from ohomologies. Dene the ation of B˜−1 as
B˜−1
(
[F (λ, θ)]
)
= F (λ, θ)
Now we have passed through the rst step of the zig-zag and have jumped from the horizontal margin into the
spae F (λ, θ) of the table. Next step of the zig-zag is appliation of Q-operator. The result is:
Q
(
B˜−1[F (λ, θ)] + B˜ − losed
)
(56)
Applying B˜−1 we have a freedom to add B˜-losed expression. Now we have jumped into the spae F (λ) on
the table (55). Next step is appliation of B−1. Sine the vertial sequene is exat this is possible only if
B˜Q
(
B˜−1[F (λ, θ)] + B˜− losed
)
= 0. Simple omputation gives:
B˜Q
(
B˜−1[F (λ, θ)] + B˜−losed
)
= QB˜
(
B˜−1[F (λ, θ)] + B˜−losed
)
= QB˜B˜−1[F (λ, θ)] = Q[F (λ, θ)] = 0
In the rst equality we used that [Q, B˜] = 0, in the seond one that B˜( B˜− losed ) = 0. In the last equality
we explore that the lass [F (λ, θ)] is Q-losed. Thus, it is possible to apply operator B−1 to (56). Now we
have ome to the term Fµ(λ)eµ in the table (55). The last step of the zig-zag is to jump from the table to the
vertial margin. This an be done by appliation of operator Q˜. The result is:
Q˜
(
B−1 Q
(
B˜−1[F (λ, θ)] + B˜− losed
)
+ B− losed
)
This expression is a representative of the lass cµeµ of the omplex on the vertial margin. Sine the dierential
in this vertial omplex is zero, this expression realizes the map from Q-losed lasses [F (λ, θ)] to the 0-losed
elements of the vertial omplex. It should be emphasized that this zig-zag an be done only in ase [F (λ, θ)]
is Q-losed.
Above we have done detailed alulation, emphasizing all ambiguities whih an arise while inverting operator
B. However it is lear, that sine we used expliit basis for dening the ation of B, it is possible to dene B−1
as
B−1(fµ(λ)) = eµ
B−1(G(1) µA eµ) = eA
..........................................
(57)
The same is true for the operator Q−1. Aording to (32) antiommutator {D, Q} = deg, hene one an think
that Q−1 = D˜ = D
deg
. For the following we use these expliit expressions for the inverse operators, however
this is not neessary for ompleting the proof.
step2 Suppose we start from exat lass [F (λ, θ)] = Q[G(λ, θ2)]. This means that [F (λ, θ)] = QG(λ, θ) +
cµ(λ, θ)fµ(λ). Appliation of B˜
−1
to suh lass gives:
B˜−1[F (λ, θ)] = QG(λ, θ) + cµ(λ, θ)fµ(λ)
with probably another oeients cµ(λ, θ). Applying operator Q to this expression one an get
QB˜−1[F (λ, θ)] = Q
(
cµ(λ, θ)
)
fµ(λ)
Appliation of B˜ to this result gives zero, sine Q(cµ(λ, θ)) fµ(λ) belongs to the ideal If . Hene, one an apply
B−1:
B−1QB˜−1[F (λ, θ)] = Q
(
cµ(λ, θ)
)
eµ (58)
The last step is appliation of Q˜ to this result. Sine the funtion cµ(λ, θ) is linear in θα, expression Qc
µ(λ, θ) is
at least linear in λα, beause Q = λα
∂
∂θα
. Hene the appliation of Q˜ to (58) gives zero, sine Q˜ is fatorization
over the ideal Iλ. This ompletes the proof that all Q-exat lasses on the horizontal margin of (55) are mapped
to zero on the vertial margin.
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step3 After xation of all ambiguities in the inverting of operators Q and B, step3 is almost obvious. Suppose
A is the element of ohomologiesH(Q, O) in the setor [F (λ, θ)]. Following the zig-zag, we ome to the vertial
margin by applying
Q˜ B−1 Q B˜−1 A
Passing through the same zig-zag in the opposite diretion one obtains
B˜ Q−1 B Q˜−1 Q˜ B−1 Q B˜−1 A = A
One should also take into aount the possibility to pass from an arbitrary element cµeµ to the orresponding
element in the setor [F (λ, θ)]. The arguments are similar to that of step1 and step2. First one obtains
Q˜−1
(
cµeµ
)
= cµeµ - the element of F
µ(λ)eµ. Then, applying operator B, we get the element B
(
cµeµ
)
=
cµfµ(λ) of F (λ). Sine f
µ(λ) are quadrati in λα, ation of operator Q˜(c
µfµ) = 0 vanishes. Hene, one
an apply operator Q−1, beause the horizontal sequene is exat. After that we have jumped into the spae
F (λ, θ). Last step is appliation of operator B˜.
The same onstrution an be straightforwardly realized for higher degrees in θα. Hene the proof of The
Zig-Zag Theorem is nished.
Our last remark is that alulation of Berkovits ohomologies on the horizontal margin of the table is a dif-
ult mathematial problem. However, alulation of ohomologies on the vertial margin is almost automati.
Sine dierential in this omplex is zero, the whole spae of omplex oinides with its ohomologies. Hene,
to alulate the ohomology of Berkovits omplex one an take a spae from the vertial omplex, for example
cµ eµ (where c
µ
are arbitrary numerial oeients) and apply zig-zag to it.
B˜ Q−1 B Q˜−1(cµ eµ) = B˜ Q−1 B
(
cµ eµ
)
= cµ B˜ Q−1
(
fµ
)
= cµ B˜
(
D˜fµ
)
= cµD˜fµ (59)
Here in the rst equality we used that Q˜−1 is just a hoie of representative and ats as identity on the basis
elements. In the seond equality we used (52). In the third equality the denition of Q−1 was explored. The last
equality is fatorization over the ideal If . This tehnique allows to nd expliit expression for the ohomology
of Berkovits omplex simply by the trivial appliation of the zig-zag to the obvious ohomology of the vertial
omplex.
This method an be straightforwardly generalized to the terms with higher degree in θα. For example, the
zig-zag for the lass [F (λ, θ2)] is given by:
.....
Q−−−−→ [F (λ, θ2)] Q−−−−→ [F (λ, θ)] Q−−−−→ [F (λ)]x eB x eB x eB
.....
Q−−−−→ F (λ, θ2) Q−−−−→ F (λ, θ) Q−−−−→ F (λ) eQ−−−−→ cxB xB xB x0
.....
Q−−−−→ Fµ(λ, θ2)eµ Q−−−−→ Fµ(λ, θ)eµ Q−−−−→ Fµ(λ)eµ
eQ−−−−→ cµeµxB xB xB x0
.....
Q−−−−→ FA1(λ, θ2)eA1
Q−−−−→ FA1(λ, θ)eA1
Q−−−−→ FA1(λ)eA1
eQ−−−−→ cAeAxB xB xB x0
..... ..... ..... .....
Calulation similar to (59) gives:
B˜ Q−1 B Q−1 B Q˜−1
(
cAeA
)
= cA B˜ Q−1 B Q−1 B
(
eA
)
= cA B˜ Q−1 B Q−1
(
G
(1) µ
A eµ
)
=
= cA B˜ Q−1 B D˜
(
G
(1) µ
A
)
eµ = c
A B˜ Q−1 D˜
(
G
(1) µ
A
)
fµ = c
A B˜ D˜
(
D˜G
(1) µ
A fµ
)
=
= cA D˜
(
D˜G
(1) µ
A fµ
)
whih is the third line of (30).
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